In this paper we discuss existence for a mathematical model of the enzyme reaction process described by a reaction-diffusion equation under initial and boundary conditions. Some existence conditions which guarantee solvability are considered. A unique exponentially asymptotically stable solution of the considered problem is shown. Uniqueness and ununiqueness are discussed as well.
Introduction
In this paper we consider a mathematical model in the chemistry concerning dynamics of the enzyme processes. The reaction scheme for free enzyme E and substrate 32 N. Georgieva, D. Kolev, T. Kolusheva, A. Marinova, R. Popova concentration S can be expressed by
where ES is the enzyme-substrate complex and P is the reaction product (see, e.g. [4] , [5] , [8] , [9] ). The constants k 1 , k −1 and k 2 represent the various rates of reaction.
The rate of change of substrate concentration S = S(t, x) at time t and position x is equal to the sum of the rates due to the reaction and diffusion. Accept further u = S. Thus the enzyme dynamics can be described by the parabolic PDE,
called also reaction-diffusion equation, with initial and boundary data (a) Bu = h(t, x), t > 0, x ∈ ∂Ω,
respectively, where the boundary condition (2)(a), and the initial condition (2)(b) are given preliminarily. The initial and boundary value problem denote by IBVP for short. Here B ≡ α 0 (x)∂/∂ν + β 0 (x) is referred to as the boundary operator, i.e. α 0 (x) ∂u ∂ν + β 0 (x)u = h(t, x), t > 0, x ∈ ∂Ω,
where Ω is a bounded domain with sufficiently smooth boundary ∂Ω, α 0 ≥ 0, β 0 ≥ 0, and α 0 + β 0 > 0 on ∂Ω. The function D(x) is called the diffusion coefficient in the chemical diffusion processes, the term ∇ · (D∇u) in (1), represents the rate of change due to the diffusion and q(t, x, u) is the rate of change due to the reaction. The reaction function q is the density per unit volume and per unit time formed through the process of reaction or interaction (see, e.g. [8] , [9] ). Assume that the functions α 0 , β 0 , h are Hölder continuous inΩ, ∂/∂ν is considered as the outward normal derivative on ∂Ω, and ν = ν(x) is a normal vector pointing outward from x ∈ ∂Ω. Actually the reaction term depends on both S and E.
The reaction process from the substrate S to the product P goes in two steps. The first represents a reversible binding to an enzyme, and the second dissociates the complex ES into the product with release of the enzyme. The reaction diffusion dynamics takes place in a finite dimensional medium Ω. The substrate concentration is governed by (2) , and then q(u) ≡ −σu(1 + au) −1 , where σ and a are positive constants.
If a competitive inhibitor (substrate inhibitor) is taken into account, then a special reaction rate can be described by q(u) ≡ −σu(1 + au + bu 2 ) −1 (σ, a, b are real constants).
It is known that the uniqueness of a steady-state solution is not always guaranteed (see, e.g. [9] ). Our goal is to establish some existence, uniqueness and stability conditions as for this purpose construct some inequalities including the steady states and reaction. The nonuniqueness is discussed as well.
We note that there exist in chemistry mathematical models of different type with delay and whose properties are considered in [8] (see, e.g. [6] ).
Preliminaries
Let the number T > 0 be fixed, and let Ω ⊂ R 3 be some domain in the class C 2+α .
Consider the most general IBVP:
where the reaction function q(u) ≡ −σu(1 + au) −1 , a, σ ∈ R, and the operator
is uniformly elliptic in the sense that the matrix {a ij (x)} is positive definite inΩ. As an example we can let Lu = ∇ · (D∇u) as it is in (1) . Assume that the coefficients of L are Hölder continuous inΩ. The boundary operator B is defined by Bu ≡ ∂u/∂ν + β 0 (x)u, where β 0 (x) is a nonnegative function in C 1+θ (∂Ω) (0 < θ < 1) and not identically zero on ∂Ω; ∂/∂ν is the outward normal derivative on ∂Ω. The functions u 0 (x) and h(x) are always assumed to be nonnegative and
A lower solution is defined analogously by reversing the above inequalities.
The function u s (x) is called steady-state solution of (3) if it is a solution of the elliptic boundary-value problem:
in Ω,
where L and B are the same operators as in (3).
There are different mathematical models describing enzyme reaction processes which can be seen in [2] , [4] , [8] , [9] . Some numerical methods in the general cases are offered in [1] , [7] .
First we consider the enzyme-substrate reaction scheme in case when the effect of inhibition is neglected. Then the Michaelis-Menton hypothesis leads to the IBVP
where q = −σu(1 + au) −1 , a, σ are positive constants. Obviously, q(0) = 0 in this case, and q(u) ≤ 0, ∀u ≥ 0. Then in accordance with the stated criterion in [8] every positive constant ρ > 0 satisfying the conditions
is an upper nonnegative solution of (5) provided that β 0 > 0 on Γ T , that is,ũ = ρ. Also if the function q belongs to the class C 1 in the sector 0,ũ , and if
then there exists a unique solution u(t, x) of (5) such that 0 ≤ u(t, x) ≤ũ in Q T . Furthermore, if the condition (6) be satisfied, thenũ = ρ, and 0 ≤ u(t, x) ≤ ρ in Q T . In our case the condition (7) hold since obviously q(0) = 0. Consider the following linear IBVP:
where c 0 =const can be defined as an upper bound of (−∂q 0 /∂v) over the sector 0,ũ , and v 0 , q 0 , h ≥ 0. Following the linear theory it follows that a unique nonnegative solution to (8) exists.
In case when β 0 = 0 on some subset of Γ T , then there exists nonconstant upper solution of (8) .
Let β 0 = c 0 = q 0 = 0, then there exists a nonnegative solution z = z(t, x) of (8) which is at the same time a nonnegative upper solution to (5) . Now we should focus our attention on the derivative of q in (5),
Then there is a solution z of (8) corresponding to c 0 = σ, q 0 = 0. Thus it turns out that there exists a lower solution z to (5) , and also a solution u of (5) such that z ≤ u ≤ z. Whence it follows the existence and uniqueness for the problem (5) 
The Steady-State Problem
Consider the steady-state problem (4) with
where a, σ > 0. In the case when β 0 > 0, then the upper solution can be chosen as a number defined by ρ ≥ h/β 0 . Note that q ′ (u) ≤ 0 ∀u ≥ 0, hence from Theorem 7.2 in [8] obtain the existence and uniqueness for the steady-state problem (4), i.e., there exists a unique steady-state solution v = v(t, x), 0 ≤ v ≤ ρ. In the case when β 0 is not strictly positive, there exists an upper solution v as a solution at the same time to the problem
with c 0 = q 0 = 0; here in general case both h and q 0 are nonnegative functions, and c 0 ∈ R. Using the same argument as in [8] we state that there exists a lower solution v, hence we state that a steady-state solution v to the problem (4), exists and 0 < v ≤ v ≤ v in Ω. Furthermore, consider the linear problem
where c 0 = c 0 (x) and r = r(x) belong to C(Ω). Denote by λ 0 the principal eigenvalue of the eigenvalue problem (11) corresponding to r = 1 and c 0 = 0. It is known that λ 0 > 0 and the corresponding eigenfunction Φ 0 (x) is positive inΩ. In what follows we assume that Φ 0 (x) is normalized by max{Φ 0 (x) : x ∈Ω} = 1.
There exists a result (Theorem 3.2, Section 5 in [8] ) that a given steady-state solution u s (x) for the particular case of enzyme reaction model is asymptotically stable if q u (u s ) < λ 0 and is unstable if q u (u s ) > λ 0 . Then the solutions of (4) belong to the class C α (Ω) ∩ C 2 (Ω).
The steady-state solution u s to (3) is said to be stable if given any constant ε > 0 there exists δ > 0 such that
is the solution of (3).
If in addition,
(ii) lim t→∞ |u(t, x) − u s (x)| = 0 inΩ then u s is said to be asymptotically stable.
The steady-state solution u s (x) is called unstable if it is not stable. A steady-state solution is said to be exponentially asymptotically stable if both conditions (i) and (ii) hold and convergence in (ii) is in exponential order, i.e. this is the case when there exist positive constants ρ and α such that |u(t, x) − u s (x)| ≤ ρe −αt (t > 0, x ∈Ω), whenever it holds at t = 0.
The set of initial functions u 0 (x) whose corresponding solutions u(t, x) satisfy the inequality (i) and (ii) in the last definition stated above is called the stability region of u s . If this is true for all initial functions then u s is globally asymptotically stable.
It is known that two different cases of stability exist:
The first is that if q(0) and h are identically zero, and β 0 is not identically zero, and if there exists stability then we say that there is stability of a uniform steady-state solution.
The second is that if q(0) and h are not both identically zero and if there exists stability then we say that there is stability of a nonuniform steady-state solution.
Here, we focus our attention on the second case. The nonuniform steady-state solution will be called steady-state solution for simplicity.
A pair of upper and lower solutions of (1) is called ordered ifũ ≥û in the corresponding closed domain where they exist. Forũ andû define a sector û,ũ , that is, all functions u of the corresponding functional class such thatû ≤ u ≤ũ.
A sector v, w between two functions v, w ∈ C(Ω) with v ≤ w is called an invariant set of (3) if for any u 0 ∈ v, w the corresponding solution u(t, x) of (1) remains in v, w for all t > 0. Lemma 1. Assume that there is a bounded nonnegative function in Ω c(x) ≥ σ ∀x ∈ Ω. Then q(u) in the form (9) satisfies the one-sided Lipschitz condition
The proof is trivial. The following hypothesis concerns the multiplier c(x) in Lemma 1.
H1. Assume that c(x) ≥ σ, ∀x ∈ Ω, q(0) ≥ 0 and h(x) > 0 (x ∈ ∂Ω).
Since only positive solutions of the model under consideration are of interest we state an existence and uniqueness result for those solutions. The following statement gives a sufficient condition for the stability of u s for arbitrary q(u). 
then problem (3) has a unique solution u such that
whenever it holds at t = 0. Assume that a steady-state solution of (3) exists. Then require the following conditions:
H2. There exist α 1 , ρ 1 ≥ 0, such that
where λ 0 > α 1 , 0 ≤ η ≤ ρ 1 .
H3. There exist α 2 , ρ 2 ≥ 0, such that
Here u s (x) is the steady-state solution of (3); · ∞ is the standard supremum norm.
Remark. In the case when ρ 1 = ρ 2 , α 2 ≥ α 1 , one may require only the assumption H3 to be satisfied.
Main Results

Existence and Uniqueness
Let u s (x) be a unique and positive steady-state solution of (3). Then we state that: Proposition 1. Let the assumptions H1, H2 be satisfied. Then the relation (12) (a) holds with 0 ≤ α 1 < λ 0 .
Proof. The proof follows from
Proposition 2. Let the assumptions H1, H3 be satisfied. Then the relation (12) (b) holds with 0 ≤ α 2 < λ 0 .
Proof. The proof follows by the same arguments used in the proof of Proposition 1, i.e.
.
The main result follows by Proposition 1 and 2.
Theorem 3. Suppose that: 1)û = 0,ũ > 0 are the lower and upper solutions, respectively, and H1 hold.
2) β 0 is not identically zero.
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Then there exists a unique positive solution of (4) in 0,ũ .
Proof. The conditions 1) and 2) assure validity of Theorem 1, and q(u 1 ) ≤ q(u 2 ) forû = 0 ≤ u 2 ≤ u 1 ≤ũ which leads to uniqueness of the solution of (3).
We need the above stated result in order to assure the existence of a unique positive solution of (4) which on the other hand appears as a steady-state solution for (3). 
A General Case of Nonuniqueness
Next we take a reaction function q(u) in the form Here J = û,ũ is a sector, and ϕ satisfies in addition, ϕ(z) ≥ z, ∀z ≥ 0, and c(x) ≥ σ > 0 in Ω.
Then having in mind Theorem 6.1, Chapter 1 in [8] we state that if there exist a constant σ 0 and positive numbers σ 1 , γ < 1 such that q(z) ≡ −σz ϕ(z) ≥ −σ 0 z + σ 1 z γ , z ≥ 0, and the condition
then there exists a positive number T * such that for any T < T * (∀t ∈ [t 0 , T ]) (3) has a trivial solution u 1 = 0 and infinitely many other solutions.
